Introduction {#Sec1}
============

A quasimetric is defined similarly to a metric; the assumption of symmetry, however, is dropped. This generalisation of the concept of a distance naturally occurs in many real-world situations. An often cited example is the time that a walker needs to get from one place to another one within a mountainous area. Quasimetric spaces are moreover closely related to weighted directed graphs. The latter play a significant role in computer science, in particular for the formulation of network flow problems (Ahuja et al. [@CR1]; Heineman et al. [@CR9]).

It is certainly also true that the notion of a quasimetric is by far less common in mathematics than its symmetric counterpart. Remarkably, however, the metric spaces themselves give rise to a non-symmetric distance function. The *Hausdorff quasidistance* quantifies the difference between subsets of a metric space, rather than between its points. It shares with a metric certain characteristic properties like the triangle inequality, but symmetry does in general not hold. Hyperspaces consisting of subsets of a metric space, endowed with the Hausdorff quasidistance, are used in a number of contexts. An example is the area of point-free geometry (Concilio and Gerla [@CR3]; Concilio [@CR2]). Measuring the degree of distinctness between subsets of a metric space is moreover an issue in fuzzy set theory; see, for example, Gerla ([@CR7]).

It is reasonable to ask whether distance functions that violate symmetry but otherwise resemble a metric always arise from a metric space in the above way mentioned. We find the affirmative answer in Vitolo's paper ([@CR14]). Vitolo has studied spaces (*W*, *q*), where $\documentclass[12pt]{minimal}
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                \begin{document}$$q :W \times W \rightarrow {\mathbb R}^+$$\end{document}$ fulfils the triangle inequality as well as the following version of the separation axiom: $\documentclass[12pt]{minimal}
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                \begin{document}$$a = b$$\end{document}$. He proved that any such space can be embedded into the hyperspace of non-empty closed sets of a metric space, the role of the quasimetric being taken by the Hausdorff quasidistance. Also among the results in Gerla ([@CR7]), Vitolo's representation theorem can be found.

In the present paper, we study distance functions of a more special type. In this paper, a quasimetric is understood to be a mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$q :W \times W \rightarrow \bar{\mathbb R}^+$$\end{document}$ such that, for $\documentclass[12pt]{minimal}
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                \begin{document}$$a = b$$\end{document}$. This definition is in accordance with the early work of Wilson on the topic ([@CR15]); however, it is evidently stronger than the one used in Vitolo ([@CR14]) and Gerla ([@CR7]). We prove a representation theorem similar to Vitolo's, but with certain additional features.

The motivation underlying Vitolo's work was to characterise the quasimetrisability of a topological space. Gerla's interest originated from the connection between quasimetrics and fuzzy orders. The results of the present paper are developed yet for another purpose: we are interested in logics for approximate reasoning, in line with the framework proposed in Ruspini's seminal paper ([@CR12]).

Recall that in classical propositional logic, properties are modelled by subsets and the logical entailment corresponds to the subsethood relation. Following Ruspini ([@CR12]), a graded version of the subsethood relation may be used in order to express the approximate entailment of properties. To this end, we endow the underlying space with a similarity function. A similarity function is a flexible tool that allows the quantification of the distinctness of points. One possibility is to take (the dual of) a metric, and we presuppose this choice here. Then the Hausdorff quasidistance associated with the metric provides a means of expressing that one subset is contained in another one to a certain degree.

To capture this idea on the basis of a logical calculus turns out to be difficult. We focus here on the so-called Logic of Approximate Entailment, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$ for short, which was introduced by Rodríguez in his PhD thesis ([@CR11]). The completeness of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$ in a finitary setting has long been known; see Rodríguez ([@CR11]), cf. also Esteva et al. ([@CR6]). But an axiomatisation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$ in a more general setting has remained an open problem; cf. Rodríguez ([@CR11], Section 8.3).

In our previous paper Vetterlein ([@CR13]), we have dealt with a closely related setting. Namely, we have considered a modification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LAE}$$\end{document}$, the logic $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}^q$$\end{document}$, which is based on quasimetric spaces instead of metric spaces. We have shown that a certain calculus, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {LAE}$$\end{document}$ and consisting of only six rules (Vetterlein [@CR13]), is sound and complete for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}^q$$\end{document}$. The question has been open if this result could be useful also for the logic $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$. To this end, a means of representing a quasimetric space within a metric space is required. Indeed, what we need is a representation theorem similar to the one given in Vitolo ([@CR14]). Vitolo's result itself is, unfortunately, not applicable. The crucial problem is that points are assigned subsets of a metric space and subsets assigned to distinct points are in general not disjoint. The present paper offers a solution for this situation.

Our core result is the following. For any quasimetric space (*X*, *q*), there is a metric space (*Y*, *d*) and a mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota :X \rightarrow {{\mathcal P}}(Y)$$\end{document}$ such that the following holds: $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota $$\end{document}$ maps distinct points to disjoint closed subsets of *Y* and under this embedding the quasimetric on *X* coincides with the Hausdorff quasidistance on *Y*. We in fact even show that the natural extension of $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota $$\end{document}$ to the power set of *X* preserves the Hausdorff quasidistance. We apply this result in order to show that the calculus $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {LAE}$$\end{document}$, which is known to be complete for the logic $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}^q$$\end{document}$ based on quasimetric spaces, is actually complete for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$, which is based on metric spaces. We may consequently say that we are able to define a logical calculus that is well in line with the framework for approximate reasoning in its original form due to Ruspini.

The paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce the main notions under consideration. Section [3](#Sec3){ref-type="sec"} contains the representation theorem for quasimetric spaces. We apply this result in Sect. [4](#Sec4){ref-type="sec"} to the Logic of Approximate Entailment $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$. An outlook on possible further work is contained in the concluding Sect. [5](#Sec5){ref-type="sec"}.

Quasimetric spaces and metric spaces {#Sec2}
====================================

We start by fixing notation and terminology used in this paper.
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                \begin{document}$${\mathbb R}^+ = \{ r \in {\mathbb R}:r \geqslant 0 \}$$\end{document}$ be the set of positive reals, and we denote by $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
--------------

Let *X* be a non-empty set. A *quasimetric* on *X* is a mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$q :X \times X \rightarrow \bar{\mathbb R}^+$$\end{document}$ such that the following conditions hold: (M1)For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in X$$\end{document}$, we have $\documentclass[12pt]{minimal}
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                \begin{document}$$q(a,c) \leqslant q(a,b) + q(b,c)$$\end{document}$. In this case, we refer to (*X*, *q*) as a *quasimetric space*.

Moreover, we call *q* a *metric* and (*X*, *q*) a *metric space* if, in addition, the following condition holds: (M4)For any $\documentclass[12pt]{minimal}
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                \begin{document}$$a, b \in X$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q(a,b) = q(b,a)$$\end{document}$.

As mentioned in the introduction, there is a close relationship between quasimetric spaces on the one hand and weighted directed graphs on the other hand. The details are as follows.

Remark 2.2 {#FPar2}
----------

Consider a finite directed graph, consisting of the vertices *V* and edges $\documentclass[12pt]{minimal}
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                \begin{document}$$q(v_1,v_2)$$\end{document}$ be the minimal length of a path from $\documentclass[12pt]{minimal}
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                \begin{document}$$v_2$$\end{document}$. We easily verify that *q* makes *V* into a quasimetric space.

Assuming that the length of the paths between each two distinct vertices is lower bounded by a strictly positive value, we may generalise the observation to the infinite case.

Conversely, we may associate with each quasimetric space (*X*, *q*) the directed graph whose set of vertices is *X* and whose set of edges is $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ (v_1,v_2) \in X \times X :q(v_1,v_2) < \infty \}$$\end{document}$. From this graph, together with the weight function based on *q*, (*X*, *q*) arises as indicated above.

In contrast to the case of a metric, the definition of a quasimetric is in the literature not uniform. Most remarkably, instead of the separability axiom (M2), the following one is often used: (M2$\documentclass[12pt]{minimal}
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                \begin{document}$$q(b,a) = 0$$\end{document}$ alone that *a* and *b* coincide. Wilson ([@CR15]), who is reportedly the first to study quasimetric spaces on an axiomatic basis, uses condition (M2) as well. In Vitolo ([@CR14]) and Gerla ([@CR7]), however, (M2$\documentclass[12pt]{minimal}
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A further difference is that a quasimetric is often defined to take values in $\documentclass[12pt]{minimal}
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Definition 2.3 {#FPar3}
--------------
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We compile a few straightforward facts on the Hausdorff quasidistance.
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Proof {#FPar5}
-----

The first part of (i) and (ii), (iii), (v) are clear.

For the second part of (i), assume that $\documentclass[12pt]{minimal}
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To verify (iv), assume that *A*, *B*, *C* are non-empty; otherwise, the inequality is clear from (v). We calculate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} e_q(A, B) + e_q(B, C)= & {} \sup _{a \in A} \inf _{b \in B} q(a,b) + \sup _{b \in B} \inf _{c \in C} q(b,c) \\= & {} \sup _{a \in A} \inf _{b \in B} (q(a,b) + \sup _{b' \in B} \inf _{c \in C} q(b',c)) \\\geqslant & {} \sup _{a \in A} \inf _{b \in B} (q(a,b) + \inf _{c \in C} q(b,c)) \\= & {} \sup _{a \in A} \inf _{b \in B} \inf _{c \in C} (q(a,b) + q(b,c)) \\\geqslant & {} \sup _{a \in A} \inf _{c \in C} q(a,c) \;=\; e_q(A, C), \end{aligned}$$\end{document}$$using (M3). $\documentclass[12pt]{minimal}
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By Lemma [2.4](#FPar4){ref-type="sec"}, the Hausdorff quasidistance $\documentclass[12pt]{minimal}
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The situation is different for hyperspaces consisting of mutually disjoint subsets of a metric space. Our own guiding example of a quasimetric space is the following one, which is given in Wilson ([@CR15]) right at the beginning.

Lemma 2.5 {#FPar6}
---------
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Proof {#FPar7}
-----
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We will see that any quasimetric space arises in this way from a metric.

Representation of quasimetric spaces {#Sec3}
====================================

In this section, we show how quasimetric spaces can be led back to metric spaces. Intuitively speaking, we "expand" each point of a quasimetric space to a set of possibly infinite cardinality and we endow the (disjoint) union of all these sets with a metric. This is done such that the quasimetric between two points of the original space becomes the Hausdorff quasidistance between the two associated subsets of the new space. We shall furthermore see that our representation even preserves the Hausdorff quasidistance on the original space.
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Lemma 3.1 {#FPar8}
---------
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Theorem 3.2 {#FPar10}
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Proof {#FPar11}
-----

The assertion is trivial if *q* is actually a metric. Assume that this is not the case.
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The remainder of this section is devoted to several refinements of Theorem [3.2](#FPar10){ref-type="sec"}. We could have integrated the following lemmas directly into Theorem [3.2](#FPar10){ref-type="sec"}; we did not do so in order to avoid the lengthy proof to be even further extended.

We first consider the topologies on the represented and representing spaces.

Lemma 3.3 {#FPar12}
---------
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Proof {#FPar13}
-----
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We conclude that any quasimetric space is of the form indicated in Lemma [2.5](#FPar6){ref-type="sec"}.

For the following lemma, recall that a topology is called discrete if any singleton and consequently any subset is open.

Lemma 3.4 {#FPar14}
---------
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Proof {#FPar15}
-----
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We finally show that the Hausdorff quasidistance between subsets of the represented quasimetric space is preserved.

Lemma 3.5 {#FPar16}
---------
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Proof {#FPar17}
-----

The assertion is clear from Lemma [2.4](#FPar4){ref-type="sec"}(v) if *A* or *B* is empty. Let us assume that *A* and *B* are non-empty.
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Our results are compiled in the following theorem.

Theorem 3.6 {#FPar18}
-----------

Let (*X*, *q*) be a quasimetric space. Then there is a metric space (*Y*, *d*) and a mapping $\documentclass[12pt]{minimal}
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The logic of approximate entailment {#Sec4}
===================================

We now turn to a context in which Theorem [3.6](#FPar18){ref-type="sec"} has an immediate consequence: to logics that allow reasoning in an approximate manner.

Following the lines of Ruspini ([@CR12]), we deal with the implication between properties up to a certain degree of tolerance. To this end, properties are modelled by subsets of a metric space (*X*, *d*), and a property modelled by $\documentclass[12pt]{minimal}
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We note that the framework proposed in Ruspini ([@CR12]) allows some additional flexibility. Instead of a metric, the central notion is a $\documentclass[12pt]{minimal}
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In order to realise Ruspini's concept, a number of logics have been proposed in the literature (Dubois et al. [@CR4]; Esteva et al. [@CR5]; Rodríguez [@CR11]; Godo and Rodríguez [@CR8]; Esteva et al. [@CR6]). For instance, logics endowed with a set of modal operators were studied, indexed by the elements of the real unit interval and interpreted by the neighbourhood in similarity spaces. Furthermore, a formalism using a more restricted language and getting along without modalities was introduced in Rodríguez ([@CR11]). It is based on a graded version of the implication, and it is the calculus to be considered in the present paper.
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Let us recall the calculus proposed in Vetterlein ([@CR13]). This calculus is quite similar to the axiomatic system that has been shown to be sound and complete for the finitary version of $\documentclass[12pt]{minimal}
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-----

The soundness part holds by Theorem [4.2](#FPar20){ref-type="sec"}. To see completeness, assume that $\documentclass[12pt]{minimal}
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We conclude this section with some additional notes. We first remark that the metric spaces used in the present context are of a particular nature. This observation can be seen as a consequence of the fact that Theorem [4.3](#FPar21){ref-type="sec"} is restricted to finite theories.

Remark 4.4 {#FPar23}
----------

We have shown in Vetterlein ([@CR13]) the following stronger version of the completeness Theorem [4.2](#FPar20){ref-type="sec"}: assume that the finite theory $\documentclass[12pt]{minimal}
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As a consequence of the last-mentioned fact, the topology on (*X*, *q*) is discrete. By Lemma [3.4](#FPar14){ref-type="sec"}, so is the topology of the metric space (*Y*, *d*) representing (*X*, *q*). In other words, Theorem [4.3](#FPar21){ref-type="sec"} remains valid when restricting the models to metric spaces whose induced topology is discrete.

We finally raise the question how our completeness theorem is related to those presented in previous works.

Remark 4.5 {#FPar24}
----------

As mentioned above, several completeness results have been established for a finitary version of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {LAE}$$\end{document}$ (Rodríguez [@CR11]; Godo and Rodríguez [@CR8]; Esteva et al. [@CR6]). In that case, the language is assumed to contain a fixed finite set of variables and certain axioms rely on maximal elementary conjunctions, or m.e.c.s for short. A m.e.c. is a conjunction of literals such that all variables occur exactly once.
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For instance, the axiom (A5) from Esteva et al. ([@CR6], Def. 4.2) expresses the symmetry of the distance between the subsets interpreting two m.e.c.s. The axiom is sound because the m.e.c.s are assumed to be interpreted by sets containing at most one element. In the present context, in contrast, the conjunction of finitely many literals can be interpreted by a set of an arbitrary size; hence, symmetry cannot be expected here.

It follows in particular that the completeness theorems obtained in the mentioned previous works are not special cases of the results presented here.

Conclusion {#Sec5}
==========

Quasimetrics have often be considered from the topological angle: under which conditions is a topology quasimetrisable? Assuming the more general version of the separation axiom, P. Vitolo has shown that this is the case if and only if the space is embeddable into a hyperspace of closed sets endowed with the Hausdorff quasidistance (Vitolo [@CR14]). Quasimetrics moreover play a role for logical calculi generalising classical propositional logic, for instance in fuzzy logic (Gerla [@CR7]) or in approximate reasoning (Ruspini [@CR12]; Rodríguez [@CR11]). The present paper is devoted to the last-mentioned aspect.

We have presented a representation theorem for quasimetric spaces that is, in a sense, analogous to Vitolo's. However, we have dealt with quasimetric spaces in a narrower sense and could then enhance the representation by additional features. In this way, an open issue concerning the Logic of Approximate Entailment could be solved. For this logic, defined closely to its original formulation by Ruspini, a sound and complete axiomatisation had not been known. Based on our result on quasimetric spaces, we were able to fill this gap.

A further progress in the field of approximate reasoning remains certainly desirable in several respects. For instance, our completeness theorem is for finite theories only; the question is open if the finiteness condition could be dropped. To this end, the complexity of the procedure of proving completeness, contained in our previous paper (Vetterlein [@CR13]) as well as in the present one, might be worthy of consideration. A non-trivial amount of partly technically demanding auxiliary facts were required, and it is open if there is an alternative, more direct way. Furthermore, we have considered by now Rodríguez's Logic of Approximate Entailment only. It might be interesting to apply the same methods to related logics. Fuzzy logics or logics aiming at the formalisation of vague statements might well be considered in a framework similar to the one considered in this paper and might offer new perspectives in both formal and informal respects.
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